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IHTBODDCnOI 


Ihtt  davtlopMBt  of  «  thMty  of  atatlotiiMl  e««eo,  «•  dlotlaot  froa  « 
colloetlon  of  opoelftl  oxMplos,  wKf  bo  oald  to  h«v«  bogim  with  tho  iatto* 
4«etl0B  of  eho  nototloB  of  typos  of  orcor  by  Hoysoa  and  Poaroon  In  1928  «a4 
1933  1.2/.    Gonroopeodingly,  tho  laltiotioo  of  •  thoocotleal  ottoek  on  tho 
oloooifleotloB  probloa  My  bo  o«i4  to  hovo  bogus  vhoa  tho  KoyMn>^oarooa 
idoos  voro  adoptod  to  tho  dloerlalaant  fimetlon  by  Woloh  1939  }/, 

tfoloh  only  oonoidozod  tho  problon  of  clasolfylng  an  ladlirldual  into 
om  of  coo  popttlatioM,  oay      and  Vj*  ""^  forthor  rootrletod  tho  problo« 

by  aoouBlng  that  tho  pcobabillty  donalty  function  of  tho  aoaoorod  qoaatitioo 
la  eoaplotoly  knoim  within  oaeh  of  tho  popnUtiono.    Ut  <]^<X2,*  >2'***'  *p^ 
donoto  tho  ptobabllity  donalty  of  tho  obaorrablo  qvaatitioa  X^,  X^*..** 
in  «^  and  lot  fj^*!*  *2*****  *^  ^        eorroaponding  donalty  in  Vj.  Holeh 
2/  obaonrod  that  nany  nathoda  of  elaaaifying  an  Individual  X  into  ono  of 
tho  tve  populationa  on  tho  baaia  of  tho  obaorvationa  on  X^^,  Xjt**.*  X^« 
anonat  to  a  partition  of  tho  p-^inontlonal  aanplo  apaoa  of  tho  X*o  into  two 
xogiona,  aay      and  Rjt  with  tho  rulo  that  I  vill  bo  aaaignad  to  «^  if  tho 
randon  point  vith  eoordteatoo  (X^t«**»  ^p)  f«ll*  in  X^  md  vill  bo  aaaipiod 
to      1'  (^»  X2»«**»  X^)  folio  in  Kj.    Tho  dwieo  of  a  rulo  for  olaaaifloation 
or  diooriaination  ia  thoo  oquivalont  to  tho  dioico  of  a  partitioning  of  tho 
ooiVlo  opoGO  into  tho  rogiona  X^  and  X^. 

A  diaeriainant  function  aay  bo  uaod  for  tho  purpooo  of  elaaaification 
in  tha  caso  of  tvo  aultivariato  noraal  diotributiona  vith  diffaroat  aoan 
motors  jg^  and      and  aoaaoa  eovariaaoo  aatrlooa  \  jj/.   Ho  oholl  eonaidor 
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%h»  elaMlflMiilon  pniblM  la  th«  nmm  9t      <^  jj^  ^ 

Sttppos*  two  vaeters  £*•  vlcb  p  ecmpoawit*  an  dlatribatad  la  aecordaaca 
with  R(ji^,  l^)  aad  ROj^,  Ij)*    ^  d«ialt]r  fuaetloa  of  tha  1th  (1  -  I,  2) 
dlatrlbtttloa  la 

<1)   «(&  I  i^.  Ij)  -  <2.)"»'^*  IIJ"*^^^  «pI-l/2(a-l4)'If^0L-JB4)l 
Sia  boat  pceeaduxa  for  dlacrlalaatioa  will  ba  tha  llkallheod  ratio, 

*•••» 

Aa  ladlvldaal  la  elaaaiflad  lato  v^^  If  L  la  laaa  thaa  a  conataat»  aiqr  •» 
aad  lato  9^  it  L     e*    If      -  jfj*         L  !•  «  llnaar  funetloa  of  j£. 

In  tha  p-varlata  eaaa*  Jt'I^^  **  ^*  vfaleh  la  aa  alllpaold«  irtiara  ^  la 
a  vaetor  with  p-co«poaaata,  tha  ahapa  aad  totatlm  of  tha  alllpaold  ara 
datavalaad  by  1,  aad  tha  alsa  la  datamlaad  by  e.    Coaaldar  two  popalatioaa 
balag  eaatazad  arouad  dlffaraat  pelata  aad  with  dlffaraat  pattaraa  of 
aeattarlttga.    Uadar  aueh  a  elrettMtaaea»  tha  alaplaat  procadara  for  elaaa- 
IflaatloB  will  ba  a  llaa  or  hyparplaaa.    Tha  followlat  dlaeuaaloa  will  ba 
raatrletad  to  a  llaaar  procadara* 

Kow,  lot  ^  ^  0  ba  a  iraetor  of  p  eospoaaata,  aad  e  ba  a  acalar.  Aa 
abaarvatloa  ^  i«  elaaaiflad  aa  fro*       if       <  c  aad  aa  fraa  Vj* 


SttppoM  ¥  Ji^  md  ^  l^,  Uki  further  msum  that  U  mtmplmd 
froa  th«  ith  (1  •  1,  2)  popttlaeioa  th«n 

TlM  protMblllty  of  ■Iselassifyiiii  an  obMrratlen  idMo  it  ia  fros 

la  ^  -  ^ 


tha  prob^lllty  of  alaelaaaifylag  an  obaarvatloa  vh«n  ie  coaaa  frw 
La 

p,  -  1  -  P(y,) 


p<y2>  •  /*«<o. 


aa4  ifhara 
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(2) 


It  !•  dasirad  to  BlnialBa      and/or  ¥^  or  to  msIbIm      tnd/ot  jy 
Bom  •pooifle  problwM  axo  to  find  JU, 

1)  a  proeodtin  that  Hiiilalsaa  tha  probid>illty  of  ona  arror  of 
elaaaifieatloB  whan  tha  othar  la  apaeiflad* 

2)  tha  proeadura  that  aialMlaaa  tha  ■asimai  prohablllty  of  arror. 
Tha  aboipa  aolutiona  will  ba  found  within  tha  aat  of  adalaaibla  linaar 

proeadtiraa  JjJ, 

AOMISSIBLB  PBOCBDDIE 

Bach  proeadura  in  tarM  of  tha  two  probabllitlaa  of  Biaelaaalfieatioo 
can  ba  put  Into  tha  fraM<^rk  of  tha  gaaaral  daeiaion  problM  6/.  Thara 
ara  two  poaaibla  daeiaiona  D^^  and         thm  appropriate  daeiaion  dapanda  on 

tha  walua  of      and      «bieh  ara  alaMnta  of  aaapla  epaea  E«    R  can  ba  da- 
coiq>oaad  into  two  aubapaeae  K^^  and      ao  that  daeiaion      la  preferred  if 
7^  belonsa  to      and      la  preferred  if      ^^l-ms*  ^  probability 

of  ■iaelaaaification  aaaociatad  with  D  and  y  la  given  by  the  loaa  for  Bd.a- 
elaaaification  ■(0|  y),  where 

if  y^  belonga  to  1^,  than  u(J»^i  y^)  -  0 

if  yj  belonga  to  Ej,  then  nCD^j  y^)  -  0 

An  etteiqit  la  nada  to  ■ininiae         y)  (>  0). 


Daflaitlooi  A  pvoMtfttrs  la  adaissibl*  if  thmn  i»  no  oelMr  piOMdur* 
which  is  b«te«r« 

Za  eh«  pMMst  CM*,  on«  llM«r  proesdun  1«  battar  than  aaothar  if 
tha  aCDt  y)  obtalaad  for  that  procatfura  la  at  laaat  aa  aaall  aa  tha  cor* 
raapoadlag  ■(D|  y)  for  tha  othar  proeadura. 

Coaaidar  tba  y^t  yj'^laaa.    Fro«  (2) ,  va  obtain 

yjCb^Ijl^^^*  -  i/jij  -  c 

Solving  for 

(3)  y,  ^  ^ — 

vhara  4  -  Jig  -  li^. 

Ftar  a  glvan  y^t  y^^      •  ftaietion  of      i.a«»      •  f(|>).    ?ron  (3)» 
y^  ia  oontinuova  avarywhara  la  jjj,  axeapt  ^  "  Of  and  y^  la  honogaaaoua  la 
Jl^  of  dagraa  aaro,  l.a.,  uadar  a  aealar  traaafomatloa  of  ^  y^  la  in- 
variant.   Wa  eaa,  tharafora»  raatrlet     to  lia  oa  aa  allipaa»  aay 
k'lk  *  ^»  viileh  ia  eloaad  aad  botmdad.    y^  ia  eoatiatiotM  aad  haa  a  ■axintai. 
Ihoa,  for  a  givaa  yj*  y^  haa  a  aaxinw. 

Va  diffaraatitata  (3)  with  raapaet  to  y,,  ««  gat 


^2 


• 


which  ia  •  n«gMivtt  quantity »  thsnfon      ia  a  dacxaaaint  fMaetian  of  y^* 
fvm  (3) 


1/2 


1/2 


1/2 


•1/2 


Multiplying  by 


1/2 


tjljb^tjl^.tjl 


1/2 


wfaara 


t.  -  t»/t«  — 2=^ — 


•    m  ■   *    ij  ■ 


MotiM  that  •  point  (y^,  y^),  whow  y^  !•  ««tl«l««d  with  nspoet  to 
^  for  a  y^*  eorxoapoado  to  «a  Mlalaolblo  proeadura  (thia  vill  ba 

pcovad  latar).    By  dafiaitloo  for  a  glvm  point  on  tha  alUpaa  ^'Jb^  k, 
thara  axlata  ooa  and  only  ona  Una  through  tha  point  (y^,  yj)  vhieh  ia  tha 
tangant  to         -  k.    Thia  iapliaa  tha  fact  that  y^  haa  ona  and  only  ona 
with  raapact  to  ^  for  a  glvan  y^* 


ftm  (2)  mi  O) 


IbMVM  1.    If  a  polBt  Sj.  >  0,      ^  0  ^  Mteisslbla,  thmn  Milae 
»  0,     *  ^  •«di  that  Kha  pmeadura  la  dafinad  by  (4)  and  (5)  ^» 
Ptroef  t    Lat  tba  adalaalbla  pracadura  ba  dafisad  by  tha  iraator  £  and 
aaalar  a*   Tha  llna 


f 


<•)  y,  -    '     i>|  •        y,  -    Z  ih 


with  ft  u  paraafttftr  h«a  th«  point  (gj^,  gj)  on  lt« 
Solvlag  fov  ft,  «•  ^tftln 


1/2 


«nd  olBCo  both      ftad  poolCivo  daflaito,  *7i/^2  ^*  a*S«tl^* 

Bmm,  tlHin  ftsiftt  poftltliw  BMiborft      oad  tj  «a4  k  ftvch  tkat  th«  11m 


is  taaa«afc  to  tlui  ftllipoo 

Zl  4  III    «  1( 


<7)  -*  -» 


ftt  tbft  point  (ti$  Bj)*  Am  alopo  of  tho  lino  tangont  to  tha  oUipao  ot 
ft  point        y')  is 

Coaaidar  a  lino  dafiaod  '  ^ ' 

.5^  >::,•: ■•■^•r;  -  -  •^^•^^iT£i'5T. 


«lMn  !»,  1«  «  oMf flelnt  v««cor  and  tt  !•  a  acAUr  lAleh  Mjr  b«  ao  ehoa«i 
that  tlM  llaa  la  tha  taafnit  to  (7)  at  point  (y*, 

(7) 


(k'ljJ^'^'  t^(ll*Iafe>'^' 


•ttbotlttttlog  (9)  into  (8),  «•  obtain 


u 


(10) 


Sttbselciiclnt  (10)  Ittto  (7),  V  gtt 


-  k 


(^•('xli^tjla)*!* 

llMMfora,  elM  point  (y^,  y*)  Is  oa  eh«  •Ulps«  with  a  consKant 


(12) 


Hm  right  h«i4  aid*  of  (12)  la  Mslalaad  vltb  raapact  to  ^  ytMtm 
waa  glvaa  In  (4).    Thla  preoadura  auat  ba  adalaaibla.    7or,  If  tbara 
vara  a  ^etor  ^  aueh  that  (12)  vaa  largar  than  k«  tha  point  (g^,  g^) 


would 


ba  within  tha  alllpaa  with  oonatant  (11)  (rig.  1)*    Thla  contradieta  tha  faet 


Fig.  1 
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ehat  tiM  proe*4ttn  la  MtelaslbU,  for  (g^»       would  bo  noonr  tbo  orlgla 
than  tho  Uagoat  at  (y**  y*)i  than  ooo«  poiata  on  thla  taagaat  llna  (oor- 
xoapoBtflat  to  pceeodturoa  with  ipoetor  ^  and  acalar  e)  would  bo  bottor*  Thla 
fww—  thm  aaaartlon, 

Slttoo      and      ara  poaltliM  doflalto,  and  t^,  tj  >  0,  tj,^  ♦  tjjj 

la  alao  poaltlvo  daflalto.  Tho  right  hand  aldo  of  (12)  la  hoM»gaaootta  of 
dagroa  saro  In  ^  thorafero  for  any  acalar  tranafoiMtlon  of  ^  tha  valaa 
of  k  la  Invariant* 

tlhaa     U  gliraa  by  (4) 

Than  (10)  roduoaa  to 


(13) 


1/2 


For  Bim^Uclty,  wa  aonaliM      -f      •  1  if  t^^tj  >  0,  1« 
if      >  0,       <  0  and      •*      "  1  whrn      <  0,       >  0. 

Lmmii   imy  positiva  dafinit*  tyMMCrie  aatrlx  A  cm  ba  axpraaaad 
aa  tha  product  of  a  non-aintttlar  aatrix  and  ita  tranapoaa.  Coo'varaaly, 
avary  avah  prodvet  ia  a  peaitiim  dafinita  ayaMtrie  «atrlx  J/* 

Proofs    If  A  ia  wax  and  poaitiva  dafinita,  tban  tba  rank  of  A  ia  a. 
Ihia  aaaaa  that  tha  ooognMnt  eanaonieal  font  of  A  ia  I.    Tbarafora,  thara 
axlsta  a  ao»-«iafaIar  Mtrix  P  aueb  that 

F»AP  •  I 
^  A«(P»)*^<Pr^ 

'  .  QtQ 

whara  q  -  P**^,    Convaraaly,  if  Q  ia  aen-«iBgular,  than  Q*Q  ia  noa-aiatnlar. 
Ihia  iapliaa  that  Q'Q  ia  aoagniantly  aisilar  to  which  ia  tha  Kreaackar 

dalta* 

(Q»Q)»  •  Q»Q 

iapliaa  that  q*Q  ia  ayHMtrle.    Tharafora,  Q*q  ia  poaitiva  dafiniu.  (q.B.D.) 

Va  know  that      aad      ara  poaitiva  dafinita.    Thara  axiata  a  noa- 
aiagular  aatrix  P  audi  that 

vhara  N  •  p"^.   And  thara  axiata  an  orthogonal  aatrix  R  auch  that 
f<F'I^P)ll-M 


loClM  chat 


fwm  (13) 


M  -         ■4)1      i  •j^j.  J,  1  -  I,  ...»  p. 

t»<f»IjF)a  •I'll 
-  «•» 

PR  -  P 


(14)         •  *lJ^!^<*j"j'<Vj  *  *2^^^^ 


.1/2 


IS 


For  th»  nmm  t—Mk 


(15)  -  «,C      »j/<Vj  +  e,)'l 

ma  (U) 


(16)  •  2t^t^   \^  *  *2^^^ 

Tbm  quntlCy  is  posltiirt,  •Incm  t^,      >  0,  this  wm»  that      is  m  in- 

2 

cMssing  fonetiOB  of  t^.  TIm  s«m  sxgwMmt  shmrs  that  im  m  daoxMsiat 
(uBfttiea  of  tj*  i«s«. 


dt 


1hoora«  2.    Ths  procsdurs  dofiasd  by  ^  •  (t^][^     tjlj)''^^       «  gi^voa 

by  (3)  for  sny  t^  sad      such  that  tj,^  't-  tj[^   is  positiiro  dofiaito  is  ad- 

■issibla  J^. 
Proof I 

i)    *i  ♦  *2  *  *i  *  0»  «2  * 

If  tha  proeadttrs  dafioad  by  •  (t^J^  (212^"^^  ****  aduissibla, 
than  would  ba  aa  adaisaibla  proeadura  which  wonld»  by  thaoraa  1,  ba 


2  2 

ladleaCa  that  y£  and  laenMlng  and  daeraaalng  fonetlona  of  t^,  ra- 

apaatlvalyi  oaa  af  tha  aeordlnataa  corraap<mdii»g  to      would  hava  to  ba 
laaa  than  ana  of  coordlnataa  oonraapondiag  to  t^^.    Va  can  eonelttda  that  tha 
pvoeadnra  daflnad  by  <l  •  (t^[^  *  tjlj)*'^!  ^  ii^*  battar  than  tha  pneadara 

origlaally  daflaad  by      and  thla  aentradlcta  tha  aaaiaq^tlon.  Tharafeva, 
tha  erigiaal  ptoeadura  la  adalaalbla* 

11)    tj  -  0,  tj  -  1 

X£      -  0,  ttm  (13),  y^  -  0  and  yj  -  t2^'^2^^^*' 
alnea  y^^  ■  0,  wa  gat 
F»o«  (U) 

Thla  la  a  fan  for  |^  which  aaxlaliaa         Tharafoca*  tha  pvoeadttura  la 
adiOaalbU.    In  tha  eaaa  of  tj  -  0,  t^  •*  X,  tha  raaolt  will  ba  alallar 
to  tha  abova  arguaant* 
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SMMrki   «h«a      U  MjOalwd  with  rsap^et  to  ^  obe«U 
L  -  <»lll  ♦  ^ala^"^^'    lutbmcf  (11),  »j  -  0,  tj  -  1, 

111)    »j  >  0  and  tj  <  0,  l.«.,  1st      -  «j  "  ^» 
CoaaUsr 

'l  '2 

1/2 

wlileh  la  •  liypavbola  whleh  ««ts  y^-wla  at  *(t^k)         Ha  an  tat«VMt«4 

la  thm  rlfht  li«i<l  braaeh.    Fioa  (U),      »  0  «i4      ^  0,  •id>stlttttlag  (2)  Into 

(ll),««t«C 

 f=   ♦   p  

»  2 

Ao  wo  hovo  alMnm,  tbo  mpiImi  valuo  for  (19)  vlth  raapoot  to  e  for  glvoa 
la  oxaetly  tbo  aaM  fom  aa  glmm  la  (5)  and  («).    Iho  aaxlMai  of  (19) 

la  glvaa  by  ^  •  (tj,^  ♦  tjlj^*^!  •        ^^rmm  I,  It  follova  tbat  tho 
piooodvra  la  atelaalblo.   No  aoto  tbat  In  tbo  oaao  of  t^  <  0,  tj  >  0 
la  alallar  to  tbo  eaao  provod  abovo* 


V8E  or  AONISSIBU  FIOCBDUUS 

1)   Miiilia.s«tioii  of  on«  probability  of  ■laelMoifleotioa  for  a 
apaelfiad  probabiUty  of  th«  othar 

Wot  gim  7^  >  0,  i,a.,  tha  probability  of  alaelaaaifieatioa  vhas 
aaMpliat  fro«  tj,  wa  waat  to  Mxiaisa  y^^,  l.a.,  wa  want  to  miaisiaa  tha 
probability  of  ■iaelaaaifieation  whan  aaapllog  froa- 

a)    tj  +  tj-l 

If  aaxima  y^  >,  0,  wa  vant  to  fiad  tj  -  1  -  t^,  ao  y^  -  t^(^*l^^^^^ 
vhara  jt  "  (tjl^  ♦  ^xU^'^^  ^'   ^  «>l«t4«»  ««  ^  approjtlMtad  by  trial 
and  arrer,  aiaaa      ia  an  iaeraaains  funetloa  of  tj*  antil  tjOt'Ij^^^^ 
atvaaa  eloaaly  with  tha  daairad  y^* 

yj  ia  a  daeraaainii  fuaetioa  of  tj      1),    y^  -  (A'lji)^'^         ^2  * 

If  tha  givaa  y^  >  (4»IJ^i)^^*»  than  y^  <  0,  and  va  aaareh  for  a  valoa  of 

tj  ao  that  tha  giiraa  y^  -  t^(^*l^^^^, 

11)    lha  nininax  proeadura  §/, 
Ihia  prooadara  inwlvaa  finding     and  t  to  aatlafy 

(20)  Ulj*  a  -  t)Ijli-i 

(21)  -  (1  «-  t)\]  ^  •  0,        0  «  t  <  I. 
Conaidar  (21)  nay  ba  tafcan  aa 

veil  -^Za)^-® 

•hara  ▼  -  td  -  t)/tl*. 


Dmm  Is  «  tton-^lngttlar  Mtrlx  II  saeh  that  **  H*N  and  -  M*MI, 
whan  A  U  a  diagonal  matrix  with      (J  •  I,  2,  .  .  .  ,  p)  roots  of 

-  Xjjl  ■*  0.    On  sobstittttlott  of  thasa  valuaa  in  (21)  tha  quadratic 
ton  radttoaa  to 

vhara  ^  •  IQt^  «fliieh  ia  aqttivalaat  to 

!    <X.  .T>Cby -0. 
J-1     ^  ^ 

This  vlll  not  hava  a  non^aaro  solutioo  for  b,*,  if  tha  faetora  (X^  -  v) 

axa  all  pesitiva  or  ara  all  aaiati^*  ThU  aaaaa,  for  minlmax  aolatlea, 
▼  will  hava  to  lia  batvaaa  tha  largaat  and  tha  saallaat  reota  of 
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APPBHDIX 
MoMrlMl  Jtxtmplm 

Itt  0t4mt  to  illwcrata  th«  Mlnlux  proMdur*  4««ilo|M4  im  this 
i«p«rt,  a  BUMrleal  WMBpla  la  glvan  balow.    Tha  (lata  for  thia  axaapla 
ara  itam  Jolieoaur  and  Moalaatm  2/* 

Thraa  eharaetara  of  earapaea  dlMntiona  of  palntad  turtlaa 
(Chrva— iv  ptcta  aaraloata)  vara  aaaaurad  in  ■■• 
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62 
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124 
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135 
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47 
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Tabla  1   Thraa  eharaetara  of  earapaoa  diMmtieaa  of  paintad  tartlaa* 


CLASSinCATIOX  IITTO  TWO  MDLTIVARIATI  HOKKAL 
DXSTXIBUTXOMS  tfllH  DITTERENT  COVARIANCE  IUTRICB8 


TOO-TBH  TANG 
!•  S.,  Hatlonal  Taivas  Otoivsrslty,  195B 


ABSmCT  or  A  MASTER'S  REPOKI 

•utaletMl  la  partial  fulfillMat  of  tha 

saqulraaaata  for  tha  dagraa 
MASTIR  or  8CIBNCB 

DapartMttt  of  Statiatiea 

UM8A8  8TATB  WIVBI8XTY 

Maahattan,  Kanaaa 

"  MM 


Tb«  elaMifleatlon  of  iwetor  xndom  variablM  m  eoaing  ttam  en*  of 
two  miltiYMrUto  aorul  dUtrikutlona  loads  to  Uaoar  likallbood  proeoduro 
whon  tbo  eovarlaaeo  Mtrieoa  am  equal.    It  la  poaalbla  to  find  a  Unoar 
adidaalbla  pxeeadure  whleh  will  alnlalaa  thm  probabUlty  of  wlaelaaalflcatlon 
of  obaonratloaa  txom  oaa  of  two  atatlvarlata  nomal  dlatrlbutloaa  wltb  dlf» 
faront  Man  wetora  (j^^  j^)  and  eovarlanca  aatrlcaa  ({^,  IWo  ap- 

proaehaa  have  boon  dlaeoaaod  la  thla  raportg  1)   ■latalsatlon  of  oaa  pvob- 
iblllt7      alaelaaalflcatlon  for  a  apadflad  probability  of  tha  ordar»  2)  »ln- 
IMS  proeodnra.    Tha  foxMr  approach  alnlalaaa  tha  probability  of  mlaolaaalf- 
leatloa  whoa  saq^llng  froa       and  tha  lattar  flnda  a  valua  of  t  whleh 
rangaa  bacwaaa  tha  mxImI  and  alnlMl  eharaetarlatle  root  of      •>       "  0, 

a«ah  that  Vtt^Ij^  -  (I  -  ty^l^]^  •  0.    An  axa^»la,  aalat  earapaea  dlMnalona 

of  palntad  tartlaa,  haa  baaa  el  tad  to  lUuatrata  tha  application  of  tha 
pieeadaraa. 


TiM  Man  vaeton  m4  eovMrlanca  aatricM  for  kte  thtm*  eharactttrs  of 
tlM  Ml*  and  f«Ml«  pain  tad  turtUa  arat 

JlJ  -  (U3.3»      88.29      40.71),      JjJ  -  (IW.OO      102.58  51.96) 


138.77  79.15  37.38 
79.15  50.04  21.65 
37.38      21.65  11.26 


451.39  271.17  168.70 
271.17  171.73  103.29 
168.70       103.29  66.65 


Ibaa  to  find  HJj"^  -  Xl|  -  0,  l.a.. 


-  1.69321        ♦  0.75937    X  -  0.06303  -  0 


Solving  for  X,  V*  obtain  thtM  rooto  aa  followai 


X  •  0.10710,    0.58427,  1.00784 


But 


X.  ^ 
*  t 


M2 


.1/2 


.1/2 


Sttbotitttting  X*'*  -  (1.00784)*'*,  (0.10710)*'*  into  tha  abow  aqMtioo, 
«a  gat  t  -  0.49990  and  0.75343,  l.a.,  tha  valM  of  t  vlll  fall  batvaan 
0.75343  and  0.49990. 

t  vaa  eoBputad  uaiag  an  Itarativa  aehaM  to  aatlafy  (20)  4  (21).  Tha 
aolntloB  vaa  t  •  0.73286  ±  (|>)^^  whara  14  la  ntabav  of  Itaratlona.  Thla 

glvM  b*  •  (0.37820     0.08406  1.62367). 


